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ABSTRACT

The Maxwell-Garnett theory, dating back to James Clerk Maxwell-Garnett’s foundational work in 1904, provides a simple yet powerful
framework to describe the inhomogeneous structure as an effective homogeneous medium, which significantly reduces the overall complexity
of analysis, calculation, and design. As such, the Maxwell-Garnett theory enables many practical applications in diverse realms, ranging from
photonics, acoustics, mechanics, thermodynamics, to materials science. It has long been thought that the Maxwell-Garnett theory of light in
impedance-mismatched periodic structures is valid only within the long-wavelength limit, necessitating either the temporal or spatial period
of light to be much larger than that of structures. Here, we break this long-held belief by revealing an anomalous Maxwell-Garnett theory for
impedance-mismatched photonic time crystals beyond this long-wavelength limit. The key to this anomaly lies in the Fabry-Pérot resonance.
We discover that under the Fabry-Pérot resonance, the impedance-mismatched photonic time crystal could be essentially equivalent to a
homogeneous temporal slab simultaneously at specific discrete wavelengths, despite the temporal period of these light being comparable to or

even much smaller than that of photonic time crystals.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0275246

INTRODUCTION

The Maxwell-Garnett theory, as the simplest effective medium
theory, is well-known for its enticing capability to model the inhomo-
geneous structure, such as metamaterials and random media with
irregular geometries, as an effective homogeneous medium."” It was
first proposed for light by James Clerk Maxwell-Garnett one century
ago”" and later generalized to other wave systems,” ~ including acous-
tic waves and water waves. According to the Maxwell-Garnett theory
of light, the optical response of effective media could be formulated in
a local or wavevector-independent fashion, which is solely governed by
the geometrical parameters (e.g. filling ratio) and the intrinsic proper-
ties (e.g. impedance) of each constituent material. This mathematical
simplification and physical elegance significantly reduce the computa-
tional cost and complexity, which would otherwise be computationally
prohibitive, and further make the Maxwell-Garnett theory feasible to
perform accurate analysis and design for intricate inhomogeneous
structures with desired properties that are hard or even impossible to
find in nature.'” "’ Therefore, the Maxwell-Garnett theory of light
could greatly facilitate the flexible manipulation of light-matter

interactions and is of fundamental importance to many practical appli-
cations, ranging from hyperlenses, metalenses, invisibility cloak, super-
scatterers, to absorbers.'* *

Despite the long research history of effective medium theory,
it is widely believed that the local Maxwell-Garnett theory of light would
break down for impedance-mismatched periodic structures beyond the
long-wavelength limit. The underlying reason is that when the spatial or
temporal period of light is comparable to or much smaller than that of
structures, the effective medium theory generally needs to be re-
formulated into a nonlocal or wavevector-dependent fashion, in order
to incorporate the influence of high-order scattering of light.”” ' The
resultant nonlocal effective medium theory is much more complicated
and accurate than the local Maxwell-Garnett theory, but it oftentimes
loses the practical convenience for the straightforward analysis and
design of complex structures. In 1988, Ref. 25 found that the local
Maxwell-Garnett theory can perform well beyond the long-wavelength
limit for spatially inhomogeneous structures, via impedance matching at
the Brewster angle. Recently, this finding was generalized to impedance-
matched temporally inhomogeneous photonic time crystals.”
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Here, we reveal a universal mechanism to enable the anomalous
local Maxwell-Garnett theory for impedance-mismatched photonic
time crystals beyond the long-wavelength limit, which breaks the
above century-old belief. This anomalous Maxwell-Garnett theory is
essentially attributed to the Fabry-Pérot resonance. Since the Fabry-
Pérot resonance condition can be readily achieved through the
structural design, without any fundamental structural limitation (e.g.
temporal period of photonic time crystals’ *') and any fundamental
material limitation (e.g. impedances of constituent materials), our
revealed mechanism for the anomalous Maxwell-Garnett theory cir-
cumvents the critical requirement for photonic time crystals being
either within the long-wavelength limit or impedance-matched.
Therefore, our finding further develops the conventional Maxwell-
Garnett theory and might be crucial to the continuous exploration of
temporal or spatiotemporal media."” '

RESULTS

We begin with the introduction of the Maxwell-Garnett theory
for photonic time crystals in Fig. 1. Without loss of generality, the pho-
tonic time crystal is homogeneous in space but has a time period Tprc
and a temporal interface number N, where N = oo without specific
specification, and it is composed of two constituent media in Fig. 1(a).
The constituent medium X (X =1 or II) has the temporal filling ratio
tx/ Tprc, the permittivity ex, the permeability sy, and the impedance
Nx = \/Hx/ex> where Tprc = 11 + 111 According to the Bloch band
theory, the dispersion relation of photonic time crystals can be analyti-
cally obtained as™

cos(wprc - Trrc) = cos(wTr)cos(wrTr)

_ % (ZTII + :71—111) sin(wyty)sin(wptn), (1)
where wprc is the eigenfrequency of light inside the photonic
time crystal, the wavevector k = |kl > 0 is a conservable quantity
due to the momentum conservation in temporal media,”” and wx
= k/\/Iixéx is the angular frequency of light in medium X.

When the local Maxwell-Garnett theory works, the designed
photonic time crystal could, in principle, be effectively modeled as a
homogeneous temporal medium with the permittivity ey and
the permeability i, in Fig. 1(b). Correspondingly, for the incident
light with a given wavevector k, the eigenfrequency wmg = 27/ Tvc
=k/\/Iimgémc of light predicted by the Maxwell-Garnett theory
should be equal to the eigenfrequency wprc calculated by the Bloch
band theory, namely, wmg = wprc, where Ty essentially corre-
sponds to the temporal period of incident light. By substituting
oymG = wprc into Eq. (1), we further have

COS((,UMG . TpTc) = COS(27T . TPTC/TMG)

= cos(wyTr)cos(mnty)

L/ N .
—— [ —+— |sin(wty)sin(wytyg).  (2)
2 (’711 M ( Jein( )

Upon close inspection of Eq. (2), it might be simplified under
three distinct conditions, which directly leads to the emergence to
three distinct types of local Maxwell-Garnett theories.
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For type 1, when wMGTPTC =27 TPTC/TMG — 0 and WXTX
— 0, the incident light is within the long-wavelength limit. When
within this long-wavelength limit, the Taylor expansion is applicable
to Eq. (2), namely, cos(wmgTprc) &~ 1 — ((UMGTPTC)Z/Z, cos(WxTx)
~1-— (erX)Z/Z, and sin(wxtx) ~ wxtx. This way, after some cal-
culations, Eq. (2) can be reduced to

T T T T
prc lerc _ /T To) (T T 3)
HvG  eMG My & e

Accordingly, one possible solution to Eq. (3) is

Tprc 1, Tn
_— = i+7

évc B en P .
,  if within the long-wavelength limit
Trrc T, Tn

Mg M1 Ha

(including wyig Terc — 0).

Equation (4) is exactly the conventional Maxwell-Garnett mixing
formulas,”” widely known for temporal media.”’ Generally, this
conventional Maxwell-Garnett theory governed by Eq. (4) can
obtain wyg = wprc (or more precisely speaking, wwyc =~ @prc)
only within the long-wavelength limit, as shown in Figs. 2(a) and
2(b), where e/ey =1, en/eo = 8.9, and py/ptg = uy/ptg =1 are
used in Fig. 2(b) and & and u, are the vacuum permittivity and
permeability, respectively. Without further specification, t1/Tprc
= TII/TPTC =0.5.

For type 2, when #; = ny;, the designed photonic time crystal is
impedance-matched. Accordingly, the impedance g = / tmg/éMc
of effective temporal medium is the same as that of each constitu-
ent material, namely, #yg =1 =#y. By substituting this
impedance-matching condition into Eq. (2), Eq. (2) can be simpli-
fied to cos(wmg Tprc) = cos(wyTr)cos(wnTi) — sin(wyty)sin(wnTy)
= cos(wrti+ ontn). This way one simple solution to Eq. (2) is
v Tere = w171 + @n Ty, namely,

Tprc __ b,
ViEMmcEMG  yIger /e

By combining the impedance-matching condition and Eq. (5), we fur-
ther have

(©)

2.0
MG 1 1T .
T 5 lf Ny = N, fOI‘VwMGTPTc/ZTC = TPTC/TMG~ (6)

PTC _ T T

M M1 Hi

The anomalous local Maxwell-Garnett theory”® governed by Eq. (6) is
in accordance with the conventional one governed by Eq. (4), but it
can now perform well and obtain wyG = wprc exactly by exploiting
the impedance matching beyond the long-wavelength limit, as shown
in Figs. 2(a) and 2(c), where & /ey = 1, en/eo = 8.9, p1/ 1y = 1/8.9,
and i/ 1y = 1 are used in Fig. 2(c).

For type 3, when sin(wyty) = 0 or sin(wyty) = 0, one constitu-
ent medium (e.g., medium I used in the calculation later) of photonic
time crystals has the temporal Fabry—Pérot resonance (see also the
case where both constituents satisfy Fabry-Pérot resonance in Fig. S1).
Under the scenario of Fabry-Pérot resonance of medium I, the
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FIG. 1. Conceptual illustration of anomalous Maxwell-Garnett theory for impedance-mismatched photonic time crystals beyond the long-wavelength limit. (a) Structural sche-
matic of a spatially homogeneous photonic time crystal with N temporal interfaces. The j-th temporal interface is created by a step change in permittivity and/or permeability
at time t = ;. The alternating constituent medium X (X=1 or Il) has a time duration tx, the permittivity e, the permeability 1z, and the wave impedance ny = \/ix/éx.
(b) Structural schematic of the effective temporal slab homogenized via the anomalous Maxwell-Garnett theory. Beyond the long-wavelength limit, the temporal period
Twe = 2m\/lycénc/k of light predicted by the Maxwell-Gamett theory is comparable to or even smaller than the temporal period Terc of photonic time crystals, e.g.,
Terc/Twe > 1/2, where 1y and ey are the permeability and permittivity of the effective homogenized temporal slab, respectively, and k is the spatial frequency of the inci-
dent light. When the anomalous Maxwell-Garnett theory works, the transmission and reflection coefficients (i.e., tprc and Fprc) for the photonic time crystal are the same as
those (i.e. fye and Fyg) for the effective temporal slab, respectively, namely tprc = fug and Ferc = Fie.

remain valid

L1'65:€L G20z Joquisydas GO

amplitude of light transmitting through medium I remains
unchanged.” In other words, medium I would not contribute to the
impedance of the effective temporal medium. Accordingly, the imped-
ance 1 of the effective temporal medium could be the same as the
other constituent medium (i.e., medium II) of photonic time crystals,

namely, 17y = #y. By substituting these conditions of sin(wytr) = 0
(ie, cos(writr) = (=)™ and ity = mn, m € N) and nye = ny
into Eq. (2), Eq. (2) can be reduced to cos(wmg Trrc) = *cos(wnr)
= cos(mm + wnt) = cos(wrtr + wnty). This way one possible solu-
tion to Eq. (2) is wmg Terc = w11 + @nty, namely,
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a phase diagram for Maxwell-Garnett (M-G) theory
1,2,3: M-G theory remains valid; @: M-G theory breaks down
@ @ ©),
long-wavelength impedance Fabry-Pérot
regime matching resonance
Wy Tprc/2Tm =0 V Wy Tpre/2m Wy Tprc/21 > 1/2
@
long-wavelength regime impedance-matching Fabry-Pérot resonance
. KirpmT
ni#No dni#ng &sin(= =)0
0.8 ‘ 8 s S
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| | e = faERm ol
MG Vivcévc ®
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~
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kcTerc/21T kcTprc/2m kcTprc/21T

FIG. 2. Phase diagram for the Maxwell-Garnett theory. (a) Classification of conventional and anomalous Maxwell-Garnett theories. While the conventional Maxwell-Garnett the-
ory is limited to the long-wavelength regime @ (i.e., Terc/Tue = @wue Terc/2n — 0), the anomalous Maxwell-Gamett theory remains valid beyond the long-wavelength
limit by exploiting either the impedance matching (i.., regime @ with V wyg Terc/2m) or the Fabry-Pérot resonance (i.e., regime ® with wwg Terc/2n > 1/2), where
wye = 21/ Ty is the eigenfrequency calculated via the Maxwell-Garnett theory. In regime @, the Maxwell-Garnett theory breaks down. (b)—(d) Band structures of photonic
time crystals judiciously designed to map various Maxwell-Garnett theories in (a). While the eigenfrequency wprc of photonic time crystals is multi-valued according to the
Bloch theory, the branch cut of wprc closest to the frequency wug is chosen for comparison. For demonstration, ¢/eg = 1, & /eo = 8.9, and /g = /1o = 1 are used
in (b) and (d), while & /g =1, &n/e0 = 8.9, 1/ py = 1/8.9, and /1y = 1 are used in (c), where &y and i, are the vacuum permittivity and permeability, respectively, and
¢ = 1//Ioo is the light speed in vacuum. Meanwhile, we set the wavelength in vacuum Ay = ¢To =500nm, 7;/Tprc = 71/ Tprc = 0.5, and the temporal period of photonic

time crystals Tprc = To.
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Tprc _ T + (21
VvVHEMGEMG Ve Hién

Since wygTpre = it + oty > it = mn > 7, we directly have
omc Trre/2n = Tpre/ Ty > 1/2, indicating the temporal Fabry-
Pérot resonance occurs only beyond the long-wavelength limit.

By further combining 7y = 1y and Eq. (7), a slightly modified
but still local-form Maxwell-Garnett mixing formulas can be obtained
as follows:

()

Trrc U T
emG e/ en .
if sin (w71) = 0,
Trrc il pis ®)

G B i/
for a)MGTpTc/Zn = TPTC/TMG > 1/2.

Remarkably, this anomalous Maxwell-Garnett theory via the
Fabry-Pérot resonance can obtain wyg = wprc exactly at specific dis-
crete frequencies (ie. wvg = mm,/lirer/ (ﬁm)) beyond the
long-wavelength limit, as shown in Figs. 2(a) and 2(d), but without
resorting to the impedance-matching condition. Figure 2(d) follows
exactly the same structural setup as Fig. 2(b). On the other hand, the
anomalous Maxwell-Garnett theory via the impedance matching
always requires the existence of magnetic response, namely, either y;
# 1y or Ly # Wy, and it is, thus, applicable to only magnetic photonic
time crystals with g # ;. By contrast, our revealed anomalous
Maxwell-Garnett theory via the Fabry-Pérot resonance does not have
any fundamental material constraint and is applicable to both mag-
netic and non-magnetic (i.e. 4 = y = ) photonic time crystals.
We highlight that our revealed anomalous Maxwell-Garnett theory via
the Fabry-Pérot resonance has never been discussed before.

In addition to check the criterion of wyg = wprc, another crite-
rion to examine the accuracy of Maxwell-Garnett theory is to check
the equivalence between the transmission coefficient fprc (or the
reflection coefficient 7prc) for a temporally finitely thick photonic time
crystal and that (fymg or 7mg) for the effective temporal slab, namely,
tprc = tmc (or Fprc = Fug). By following this thought, we show the
relative error ||ZMG|2 - |?pTC|2|/ \ZPTC\Z of the energy transmittivity
in the ny/ny - kcTerc/2n parameter space in Figs. 3(a) and 3(b),
where /¢y = 1, en/eo = 2.1, and iy /py = 1 are used in Fig. 3(a),
and ¢/ep = 2.1 and py/uy = /1y =1 are used in Fig. 3(b). For
illustration, these designed photonic time crystals are surrounded
by temporally semi-infinite vacuum. For magnetic photonic time
crystals in Fig. 3(a), we have ’|¥MG|2 — |?pTc|2’/|ZpTC|2 — 0 and then
ZPTC ~ EMG in the regime with kCTp’rc/ZT[ = WMG TPT(;/ZTE
v/ (v /o) (ma/€0). The first scenario indicates that the conven-
tional Maxwell-Garnett theory remains valid only within the long-
wavelength limit, as schematically shown in Fig. 3(c). Meanwhile, we
have [[fs|” — [7ercl’|/Fprcl” = 0 and Fprc = Tyg in Fig 3(2) in
the regime with #; = ny; in Fig. 3(a), for arbitrary frequencies of inci-
dent light. The second scenario verifies the accuracy of the anomalous
Maxwell-Garnett theory via the impedance matching.”® For non-
magnetic photonic time crystals in Fig. 3(b), we have fprc = fyg at a
series of Fabry-Pérot resonant lines governed by sin (kt1/\/iér) = 0
in the investigated parameter space. The third scenario essentially
shows the existence of our revealed anomalous Maxwell-Garnett

ARTICLE pubs.aip.org/aip/are

theory via the temporal Fabry-Pérot resonance. Remarkably, both
types of anomalous Maxwell-Garnett theories could remain valid
beyond the long-wavelength limit, as schematically illustrated in
Fig. 3(d).

To facilitate further understanding, we show in Figs. 4(a), 4(c),
and 4(e) the spatiotemporal evolution of space-time wave packets
interacting with various photonic time crystals beyond the long-
wavelength limit. For conceptual brevity, these designed photonic time
crystals are now surrounded by temporally semi-infinite media with
the permittivity ey and the permeability ;5. Moreover, for the
direct comparison, we also show the spatiotemporal evolution of
space-time wave packets interacting with the homogenized temporal
slab of each photonic time crystal in Figs. 4(b), 4(d), and 4(f). In addi-
tion, since the anomalous Maxwell-Garnett theory via the impedance
matching could remain valid for arbitrary frequency of light, the
incident space-time wave packet is set to follow a continuous
Gaussian-type waveform in Figs. 4(c) and 4(d). Similarly, the incident
space-time wave packet is set to follow a multiple-spatial harmonic
waveform or a single-spatial harmonic waveform in Figs. 4(e)-4(h),
since the anomalous Maxwell-Garnett theory via the temporal Fabry-
Pérot resonance remains valid at specific discrete Fabry-Pérot reso-
nant frequencies of light.

Under the judicious design in Fig. 4, there are at least two rules to
follow, if the corresponding Maxwell-Garnett theory is valid. One rule
is that there should be no reflection or no backward propagating light
at the interface between the surrounding environment and the real
photonic time crystal, when the surrounding media are set up with the
effective homogenized permittivity and permeability of the photonic
time crystal. The other rule to follow is that the spatiotemporal evolu-
tion of light in the temporal region (ie., the surrounding media)
behind the realistic photonic time crystal should be the same as that
behind the homogenized temporal slab. The second rule does not con-
strain the configuration of the surrounding media (see Fig. S2, for
example). According to these two rules of thumb, the conventional
Maxwell-Garnett theory for conventional impedance-mismatched
photonic time crystals in Figs. 4(a) and 4(b) generally breaks down
beyond the long-wavelength limit. By contrast, the anomalous
Maxwell theory for either the impedance-matched photonic time crys-
tal in Figs. 4(c) and 4(d) or the impedance-mismatched photonic time
crystal with the temporal Fabry-Pérot resonance in Figs. 4(e) and 4(f)
remains valid beyond the long-wavelength limit.

Upon close inspection, Figs. 4(g) and 4(h) show the wave packet
states before entering, traveling inside, and after exiting the
impedance-mismatched photonic time crystal with the temporal
Fabry-Pérot resonance. We note that the backward-propagating waves
could emerge inside the photonic time crystal (the green line in the
second panel), but they would further undergo the complete destruc-
tive interference (the third and fourth panels) when passing through
the photonic time crystal. The deviation between the spatiotemporal
evolution of light inside the realistic photonic time crystal and that
inside the homogenized temporal slab should not affect the validity of
Maxwell-Garnett theory.

DISCUSSION

In conclusion, we have found the existence of the anomalous
Maxwell-Garnett theory for impedance-mismatched photonic time crys-
tals beyond the long-wavelength limit by leveraging the temporal Fabry—
Pérot resonance. Perhaps even more crucial is the vision emphasized
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FIG. 3. Anomalous Maxwell-Garnett theory of light in the impedance-momentum parameter space. The photonic time crystal is surrounded by vacuum in the time domain and

has a temporal interface number N = 201. (a) and (b) “fMG P~ [torcl ’ Jterc|’ s a function of 5, /1, and keTerc /2. The relative error ‘|fMG|2 = |pr0|2‘ Jlterc|” s used
to quantitively describe the accuracy of Maxwell-Garnett theory in the homogenization of photonic time crystals. For illustration, & /e =1, &i/e = 2.1, and 1y /g = 1 are
used in (a), while & /¢g = 2.1 and /g = /1o = 1 are used in (b). The temporal periods of photonic time crystals are the same as those in Fig. 2. For non-magnetic
time crystals with /17, = 1 in (b), this trivial scenario directly corresponds to ¢ = ¢ and g = 1, indicating the absence of temporal interfaces inside the photonic time crys-
tal. (c) and (d) Comparison between conventional and anomalous Maxwell-Garnett theories. The conventional Maxwell-Gamett theory works only within the long-wavelength
regime in (c), namely, if Tprc/Twe — 0. By contrast, the anomalous Maxwell-Gamett theory remains valid beyond the long-wavelength limit (e.g., Terc/Tme > 1/2) in (d),

either by exploiting the impedance matching or the Fabry—Pérot resonance.

by our finding that this anomalous Maxwell-Garnett theory of light
might be extended to spatially inhomogeneous photonic crystals via the
spatial Fabry-Pérot resonance, and that the analogous Maxwell-Garnett
theory might exist in other wave systems, such as acoustic and water
waves. Due to the mathematical simplicity and the physical elegance, our
revealed anomalous Maxwell-Garnett theory of light may further stimu-
late the continuous exploration of more exotic light-matter interactions
in temporal or spatiotemporal media,”” *’ particularly in systems involv-
ing moving free electrons’ ”' or complex dipolar sources.”” "
For example, it is worthy to explore the potential interplay between
our revealed anomalous Maxwell-Garnett theory beyond the long-
wavelength limit and the breakdown of effective medium theory in the

extreme subwavelength limit™ in judiciously designed spatiotemporal
media featuring both spatial and temporal interfaces,” where temporal
total transmission and spatial total reflection might occur simulta-
neously. Moreover, our finding may intrigue the further exploration of
many enticing open scientific questions that remain elusive, for example,
the possible realization of broadband interfacial Cherenkov radiation
from periodic structures. As background, the interfacial Cherenkov radi-
ation,” as originating from the interaction between free electrons and
periodic structures, provides a disruptive way to create the directional
light emission at arbitrary frequencies and is vital for the development of
many enticing on-chip applications, such as integrated light sources at
previously hard-to-reach frequencies and miniaturized particle detectors
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FIG. 4. Spatiotemporal evolution of space-time wave packets interacting with various photonic time crystals beyond the long-wavelength limit. For illustration, the photonic time
crystal is surrounded by temporally semi-infinite media with the permittivity ewg and the permeability z4y6. (@) and (b) The conventional Maxwell-Garnett theory breaks down
beyond the long-wavelength limit. (c)-(h) The anomalous Maxwell-Garnett theory remains valid beyond the long-wavelength limit. The photonic time crystal is impedance-
mismatched (i.e. 1, # ny) in (@) and (e) but impedance-matched (i.e. , = n;) in (c). Meanwhile, one constituent medium (e.g., medium |) in (e) satisfies the temporal Fabry—
Pérot resonance condition, namely, sin(wiz;) = 0. The wave packet’ states before entering, traveling inside, and after exiting the impedance-mismatched photonic time crystal
with the temporal Fabry-Pérot resonance in (e) are highlighted in (g) and (h). The incident wave packet follows a Gaussian waveform Bi(z,t) = B(z,t < t;) =
jf”ka dke ¥ /27%kgik=it in (a)-(d), a multiple-spatial-harmonic waveform Bi(z,t) = B(z,t < ti) = 3" @ mCOS (K, rp mZ — at) in (e)~(g), and a single-spatial-harmonic

waveform B(z,t < t) = cos(ki 17 — ait) in (h), where o = ko/3, ko = 27/ 20 = 21/cTo, kippm = Mmy/iai /11, ok = K/ \/1&, @i = 22 and Ty = Terc. The
photonic time crystals in (a),(c),(e) are the same as those in , respectively, except that we set the interface number N = 21 here.

L¥6G:€1 G20T Jequaides G0

Appl. Phys. Rev. 12, 031414 (2025); doi: 10.1063/5.0275246 12, 031414-7

Published under an exclusive license by AIP Publishing


pubs.aip.org/aip/are

Applied Physics Reviews

with enhanced sensitivity. However, the interfacial Cherenkov radiation
severely suffers from the chromatic issue, due to the inherent structural
dispersion of periodic structures. Whether it is possible to achieve the
achromatic interfacial Cherenkov radiation from periodic structures via
the anomalous Maxwell-Garnett theory of light is certainly worthy of in-
depth exploration.

SUPPLEMENTARY MATERIAL

See the supplementary material for three sections, including rig-
orous proof for the accuracy of Maxwell-Garnett theory in predicting
the transmission and reflection coefficients of photonic time crystals,
analytical derivation for the spatiotemporal evolution of various
wave packets interacting with photonic time crystals beyond the
long-wavelength limit, and more discussion on anomalous Maxwell-
Garnett theory for photonic time crystals.
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