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S1 Accuracy of Maxwell-Garnett theory in predicting the transmission and

reflection coefficients of photonic time crystal
In this section, we analytically prove the accuracy of various Maxwell-Garnett theories, namely
equations (4), (6), and (8) in the main text, in predicting the transmission and reflection coefficients of

photonic time crystal; specifically, we show their equivalence with those in the effective temporal slab.

S1.1 General formulation for space-harmonic fields
In this subsection, we start with the electromagnetic fields of a particular wavevector k (e.g., electric
displacement D, and magnetic flux density B,) in the steady state, namely space-harmonic fields [79]. On

this basis, Fourier theory can be applied to study the space-domain fields as follows
+oo X
B(z,1) = / dk B,(t) - e'**

Foo , (SD
D(z,t) = / dk D(t) - e'**

oo

where we only consider a one-dimensional space r for conceptual brevity.
For the photonic time crystal with the structural setup in Fig. 1 in the main text, the permittivity and
permeability in the whole space-time domain are given by

e(t) = £,

u(®) = p;, regionj, 1 <j< N +1 (S2)
where N is the total temporal interface number; €y, and pyg are the homogenized effective parameters.

The field expressions for D, and B, (the subscript k is neglected for concise expression) are assumed as

follows
afe =) t <t (region 1)
B(t) =4 aje”™ (1=t-1) a; e’ (1=tj1) 1,y <t <t; (region j)
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where a; (a;) is the amplitude of the forward (backward) propagating wave components, and 7; and o,

are the wave impedance and wave frequency given by

H;@
=L = e, . @ =k/\Jue; . Vv (S4)
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S1.2 General formulation for the temporal characteristic matrix

In this subsection, we derive the characteristic matrix Hj for a single temporal slab extending from

t =1,y tot=1;, which relates the field values at its two temporal interfaces, namely

1 ]

Equation (S5) is the generalization of Born’s formulation for a single spatial slab [80] into the temporal

case. The solution to Mj can be obtained by enforcing temporal boundary condition and simple geometric
optics. One the one hand, the continuity of the electric displacement D and magnetic flux density B before

and after the temporal interface should be guaranteed, namely

Bj_l(t,_l)] [Bj(tj—l)] Vi
= , VjEe[2,N +1] (S6)
[Dj—l(tj—l) Dy(t;-)

Also note that the wavevector k is a conservable quantity due to the boundary condition.

On the other hand, from the perspective of geometric optics by following equation (S3), one has

Bj(tj) =e la)jTJa-l‘ + e+’wlrfaj
D(l) — _le—zwjrja+ 4 = 1 'Ha’jfjaf (S7)
J\"J n; n; J
J J
Tp= T

where 7; is the temporal duration of the slab in region j. The amplitudes a;r and a; can be obtained by

setting # = £;_; in equation (S3), and are related to B(#;) and D(z;_;) by

+ 172 —n.2] |B;(t;
-2 Al
a 72 /2 [Dy(t)
One can also write equation (S8) equivalently as
B, (7;- )] 1 1 [af]
=1 | 2 [ ] i (S9)
_Dj(tj_l) —1/m; 1/n; a;
By substituting equation (S8) into equation (S7), and after some algebra, one has
B (t. T
[ 3 ( j)] _ [ .cos(wjrj) ; sin( ] [ ]’ Vi€ N +1] (S10)
Dj(tj) zs1n((ujrj)/nj cos(wjrj)

By combining formulas (S6) and (S10), one has the expression for temporal characteristic matrix as follows

= cos(w; 7;) in; sin(a)jfj)] S1D)

7 lisin(w;7;) /0, cos(w;T))
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S1.3 Temporal characteristic matrix for the photonic time crystal and the homogenized

temporal slab

In this subsection, we obtain the temporal characteristic matrix HPTC for the photonic time crystal and
the homogenized temporal slab. For the photonic time crystal, we start with its unit-cell characteristic matrix

as follows

M M PTC,unit, 11 MPTC,unit,lZ
PTC,unit — |— o

Mprc izt Mprc unit 22 (S12)

:Mﬁ :[ cos(wyty) in sin(a)ITI)][ cos(wpyr) inn sin(a)HTH)]
P isin(oyr)/mp - cos(wyry) | lisin(fwyry)/ng cos(wyty)

After some algebra, one has

MPTC,unit,ll = cos(w7y) cos(ewyry) — sin(wyzy) sin(@y 7yy) 1y/My

gPTC,unit,IZ = inycos(wyry) sin(wytyy) + ing sin(wyzy) cos(wy 7yp) (S13)
MPTC,unith = i/nysin(wy7y) cos(@yTyy) + i/ cos(@yty) sin(@yy 7yy)

HPTC,unit,zz = cos(w7y) cos(ewyry) — sin(wyzy) sin(@y 7yy) /My

Note that ﬂPTC’unit is a unimodular matrix, then, with some knowledge from the matrix theory [80], one

has
ﬁ _ ﬁNunit _ | Mprcuit11Un,,; —1(@) = Uy, 2(@) Mprc uit 12Un,,;-1(@)
PTC — PTC,unit — p— _—
Mprc uic21Un,,,~1(@) Mbyrc it 220Un,,—1(@) = Uy, 2(a) (S14)
Mprc unic, 11 + Mpre unit 21
a= 5 = cos(wyTy + wyTy)

where Uy (cos x) = sin [(Nu + l)x] /sin x represents the Chebyshev polynomials of the second kind.

nit
For the homogenized temporal slab, it is easy to write its characteristic matrix as follows based on the

derivation in last subsection.

MG ™ |i sin(wyg Tve )/ MG cos(@pGTMa) (S15)

MG = VHMG/EMG » ®mc = K/ HvcEMmG » ™M = (T + 7))+ Nyig

where 7yg, ®mg» Mvg are the effective temporal duration, angular frequency and impedance of the

temporal slab obtained via the Maxwell-Garnett theory.
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S1.4 Transmission and reflection coefficients, and the energy transmittivity and reflectivity
In this subsection, we give a general derivation for the transmission and reflection coefficients 7 and 7,
and the energy transmittivity and reflectivity for the photonic time crystal and the homogenized temporal
slab.
For the photonic time crystal, 7ppc and Fpyc are defined as
Torc = dyy1/a) (S16)
Fprc = dyy1/a)
Note here the transmission and reflection coefficients are defined with expect to the magnetic flux density
B. By the definition of the characteristic matrixes for equation (S5) and by combing equations (S8-S9), one
has

1 1 aX,H = [ 1 1 ] af
—1/1n41 1/”IN+1] [aj_\/+1 = Mprc | L/my 1/m a; (S17)
After some calculation, one has the scattering matrix EPTC for the photonic time crystal, namely
+
a
o] =52
AN+1 4 (S18)
Se= [ e, 1]
PTC = 1/2 f’]N+1/2 PTC _1/’71 1/’11
Using the fact that a| = 0 for incident light, then one has
~ 1 p— p— }’]N 1
IprC SPTC =3 (MPTC,II - MPTC,12/’71> 2+ (MPTC 21~ MPTC 22/”1)

S ! N+l (519)

7PTC = SPTC,ZI = E (MPTC,II - MPTC,IZ/”I) 2 <MPTC 21 MPTC 22/”1)

By following the same procedure, one has the transmission and reflection coefficients (i.e. 7y and TvG)
for the homogenized temporal slab, namely

- 1= = NN+1 <
MG =5 <MMG,11 - MMG,12/771> 2 (MMG 21 = My 22/'“)

N 1 /= = NMN+1 v
MG = 2 (MMG,II — MMG,12/7’I1> ) (MMG 21~ MMG 22/”1)

On this basis, we obtain the energy transmittivity T and ’I?reﬂectivity. By using the complex

(S20)

Poynting’s theorem, the complex Poynting’s vector for the incident wave is given by

o |

— 1 P — ~
S, = 5Re|E1(r) X H, ()] = k————
2ume1m

(S21)

where k is the unit vector in the direction of the wavevector k. Similarly, one has the complex Poynting’s
vector for the transmitted and reflected wave as follows
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- 2
|aN+1|
2UN I VENFIENS1
+ a +2 + (822)
|aN+1|
2UN 41 VENTIHN 1

Therefore, the energy transmittivity T and reflectivity R are related to the transmission and reflection

R%]
Il
=

|
I
=0

<

coefficients (7 and 7) by

- _ IO RVASVO |'7|2

MN+1 V£N+IMN+1 (823)
— Hi\E 9
R = 1 171 |I’ |2

HN+1VEN+IHN+I

S1.5 Equivalence of the characteristic matrixes between the photonic time crystal and the

effective temporal slab
Finally in this subsection, we prove the validity of various Maxwell-Garnett theory, by showing the
equivalence of the transmission and reflection coefficients, between the photonic time crystals and their
homogenized counterparts, namely
Tere = Ty and Fpre = Fyg (824)
In light of equations (S19) and (S20), it is sufficient to prove equation (S24), if we can obtain

HPTC = HMG (SZS)

where Mprc and My, are the characteristic matrixes for the photonic time crystal and the effective
temporal slab, as respectively determined in equation (S14) and (S15). To satisfy equation (S25), one can

reasonably expect a stricter condition in the periodic system, namely, the equivalence between the

characteristic matrix HPTC’unit for each unit cell of the photonic time crystal and that (HMG’unit) for the

homogenized temporal slab of the same temporal duration, as follows

MPTC,unit = MMG,unit (826)
Mpre w11 = cos(wytp) cos(wy ) — sin(w;7p) sin(wy 7yp) /My
MPTC,unit,lz = ingcos(erry) sin(wpy) + ing sin(wyty) cos(wpTy) (S27)
MPTC,unit,zl = i/nsin(wyy) cos(wytyp) + i/t cos(wytp) sin(wy typ)
Mprc itz = cos(wyp) cos(wy ) — sin(w;7y) sin(wy 7yp) Mg/ 1y
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cos(wyg(r; + 77p)) iy sin(wyg(r; + 7))

. (S28)
isin(oyg(r + ) /Mg cos(@yg(ry + 7))

M MG,unit =

Below, we show how equation (S26) is fulfilled under the condition of various Maxwell-Garnett theories.
For conventional type 1 of Maxwell-Garnett theory within the long-wavelength limit [81], as derived
in equation (4) in the main text, namely
T+ 7T T T
1Tt _f T

EMG &1 &g
T T T T

1+ 1 i
—_— = + ———

HmG M1 Hi

By using equation (S29), one can simplify #y;g and wy,g as

, if within the long-wavelength limit (including wyg(7; + 71) = 0) (S29)

(S30)

k k ] T T
VimGEMGg Tt T & &n/ \M1  Hu
Moreover, within the long-wavelength limit, the characteristic matrixes are simplified to

_n r _ 1 ii’]Ha)HTH + iﬂla)ITI
PTC.unit = [ia)ITI/ M+ iy T/ My 1 ] (S31)
and

” _ 1 invc@me(71 + 711)
Muanit = |ian (21 + 71/ e ) (832)

where the Taylor expansion of sine and cosine functions are used. Then, to prove Mprc yyie = My unie (OF

more accurately speaking Mprc unit ® Myc.unie 10 this case), reduces to proving

{ Mvc@mc (71 + 7)) = Moy + noer (S33)
onG(T1 + )/ Mg = @17/ + Ot/ My

At this point, equation (S33) can be easily derived through simple algebra based on equation (S30). The
detailed mathematics are omitted here.

For anomalous type 2 of Maxwell-Garnett theory via impedance matching [82], as governed by
equation (6) in the main text, namely
T; T T

_pre_,n

;MG € &g
T

PIc_n

Hvc M1 Ho

Based on equation (S34), one has
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MG = M = M
k

Onrs = 71 n K ) _
MG — - oty
Tt T\ e/ Huen

Moreover, based on the impedance matching condition, namely #; = #;;, equations (S27) and (S28)

w7 + Oy T ($35)

respectively reduce to

PTC,unit isin(wyty + oyt Mg cos(wyty + @ty
and
> cos(wyg(r; + 77p)) iy sin(wyg(r; + 7)) (S37)
MG,unit = 1 ; sin(wyg (7 + TH)) /NMG cos(wyg (7 + 7))

At this point, the equivalence between equations (S36) and (S37) is clear by substituting equation (S35)
into them.
For anomalous type 3 of Maxwell-Garnett theory via temporal Fabry-Pérot, as governed by equation

(8) in the main text, namely

Tprc __a T
£ eminy € i,

HmG  Hifa/my o Mo
Based on equation (S38), one has
MG = M
T T
pge = k L |
ot Hi€r Huén

w7 + Oy Ty (S39)
= TI + TII

Furthermore, based on the temporal Fabry-Pérot resonance condition, e.g. sin(w;7;) = 0, equation (S27)

reduces to

ﬁ o [ (=D"cos(wyry)  inp(—=D" sin(a)HTH)]
PTCunit = |/ (=1 sin(wpry)  (—=1)" cos(wy )
_ [ cos(mrm + wyry)  ingsin(mz + oyty)
N [isin(mzr +opr) /Iy cos(mx + wyTyp) ]

(S40)

where the identities of cos(w;7y) = (—1)" and (—1)" cos(wy7y) = cos(mz + wyty) are used. By use the

Fabry- Pérot resonance condition again, namely w;z; = mx, one has

Merc,unit = [i sin(oyr; + o) /- cos(wyty + @7y
Similarly, at this point, the equivalence between the characteristic matrix for the unit cell of the photonic
time crystal in equation (S40), and that of the homogenized temporal slab of the same thickness can be

casily obtained, based on equation (S39).
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From all above, we have prove the equivalence between the transmission coefficient 7pp (or the
reflection coefficient Fpy) for a temporally finitely-thick photonic time crystal and that (7y;g or Fyg) for
the effective temporal slab, namely fpre = fyig (OF Fppe = Fyg ), I @ strict manner, by showing the

equivalence between their character matrixes.

S2 Spatiotemporal evolution of various wave packets interacting with photonic

time crystals beyond the long-wavelength limit
In this section we give the rigorous expressions for the field distribution of various space-time wave
packet interacting with the photonic time crystal beyond the long-wavelength limit. The incident wave

packet takes the form

+
a | = a(k)]
[al'] |0 (S42)
where a(k) is the wavevector-dependent amplitude of the space-harmonic wave packet. For example, for

. . —i21g? . . . .
the continuous Gaussian-type waveform, a(k) = e k1201 On this basis, one can obtain the field amplitude

in region j, forVj € [2, N + 1].
1

[a.] = [1/2 0,2 ] : [glM] : [_ Lo l/m] [ d ] Y E[2 N +1] (S43)

I~"+

~

By substituting the values of a;r and a; into equation (S3), all the spatiotemporal evolution of the wave

packet can be obtained.

S3 More discussion on anomalous Maxwell-Garnett theory for photonic time

crystals.

S3.1 Supplementary case of photonic time crystals with both constituents satisfying Fabry-
Pérot resonance condition
In this subsection, we compare results for cases where one or both constituents satisfy the Fabry-Pérot
resonance condition.
Case I: When only one constituent of photonic time crystal satisfies the Fabry-Pérot resonance
condition, we have

S9



where m € N. Generally, the corresponding characteristic matrix of each constituent X (X =1orII) is HX =

cos(wxx) o Sm(wXTX)]. By using equation (S44), we have the characteristic matrix HPTC’unit of

isin(wxtx)/Mx  cos(wxTx)

the unit cell of the photonic time crystal, namely

MPTC,unit = MMy = [

cos(wyty + wyTy) ing sin(eytp + wHTH)] (845)

Meanwhile, the characteristic matrix My of the homogenized slab with the same time duration is given
by

cos(@yvcTpre) iy sin(wmeTere)

. S46
i sin(wygTpre)/ v cos(wyvcTpre) ( )

]\_4MG=[

When the Maxwell-Garnett effective medium theory holds, we can enforce the equivalence of the

characteristic matrices above, namely Mprc ynic = Mug» OF

isin(wyrp + ogr) /My cos(wyty + opTy) i sin(wygTpre)/ Mg cos(oygIpre)

From the equivalence of diagonal terms and the equivalence of off-diagonal terms in equation (S47), we
have

cos(wygTprc) = cos(wyy + wytyy) (S48)

iy sin(@y 7y + @y y) = My Si@yGTpre) » and sin(orzy + oy ty)/my = v Sif(@ycTere)/Mug  (S49)

From equation (S48), we could arrive at a simple solution after some calculation, namely

T, T T
\/ HMmGEMG \/ Hi€r \/ Huén

which is identical to equation (7) in the main text. Moreover, since we could generally have sin(wygTprc) =

sin(wy7; + w7y # 0 according to equations (S44,548), equation (S49) always requires that
MG = M (S51)
In other words, if sin(ew;7y) = 0, but sin(wyry) # 0, we can obtain determined solutions of ey and g
[e.g. equation (8) in the main text] by combing equations (S50-S51), as shown in Fig. S1(a).
Case 2: When both constituents of photonic time crystal satisfy the Fabry-Pérot resonance condition,
we have
sin(wyty) = sin(mxr) =0, and sin(wyry) = sin(ar) =0 (S52)

where m,n € N. Similarly, when the Maxwell-Garnett effective medium theory holds, we always have

HPTC’HHR = My,; . This way, equations (S47-S50) are also satisfied. However, since we always have

S10



sin(wygTpre) = sin(wyr; + oy ty) = sin((m + n)n) =0 according to equation (S52), equation (S49) is always
satisfied, and the condition in equation (S51) is thus not mandatory. In other words, if sin(wz;) =
0, and sin(wyty) = 0, £y and pyg are only governed by equation (S50) and thus will have undetermined

solutions, as shown in Fig. S1(b).

sin(wyty) = 0, but sin(wgty) # 0 b sin(wty) = 0 & sin(wgty) =0

Vv /& = v Hn/en arbitrary /Iy /Euc
_Tere _ 4, 'm g o _ 4, Tm
VHwe éve  VHi&  JHuén VHve € VHi&  YHoén
determined &g and pyg undetermined &g and g
1.01 101
[
o _
o
+ =
o[ =
= i 1 8
~ o
~ ey
o o
2l e
~| e —
=g
0.99 1021
0.5 1 1.5 0.5 1 1.5

Vv /eme /A Hn/€n Vv /ewe /A Hn/€n

if homogenized parameters py and &y are effective, then | tyg— terc|/| torc| =0

FIG. S1 Relative error in predicting the transmission coefficients of a real photonic time crystal (7pyc) via
a homogenized temporal slab (7y;g). The parameter space of interest is formed by 1/ m and
m, which can be easily transformed to € - #yg parameter space. The photonic time crystal has
an interface number N =21, g/eq =1, ep/eng =8.9, u/py = pp/ug =1, and w7y = 7. (a) A single
constituent satisfies the Fabry-Pérot resonance condition. For illustration in (a), we set oz = 9.157. (b)
Both constituents satisfy the Fabry-Pérot resonance condition. In (b), w7y, = 97. The solutions of €y,5 and
Uy are governed by equations (S50,S51) and are determined in (a). In contrast, the solutions of £y, and

Hng are only governed by equation (S50) and are thus undetermined in (b).

S3.2 Spatiotemporal evolution of light scattering in presence of arbitrary surrounding

media
In this subsection, we show that our intension to set up the surrounding media with homogenized

permittivity £y, and permeability py;g, 1S to ensure no light reflection at the interface between the
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surrounding environment and the real photonic time crystal. In this case, we can conveniently check the
validity or accuracy of the Maxwell-Garnett theory by studying the transmission of light, as shown in Figs.
S2(a) & S2(b) (namely Figs. 4(e) & 4(f) in the main text). Actually, its validity can also be checked without
this specific setup of the surrounding media; see the example with the surrounding media being vacuum in
Figs. S2(c) & S2(d).

surrounding media is set up with homogenized permittivity &g and permeability pyg

photonic time
crystal

homogenized
temporal slab

IR ¢ e

HIHM

0’ M

i1

MRS i

| ry A’A’A’A‘AWA‘A‘A | gd A‘A‘AWU'A‘A‘A
-10 0 tT, 10 20 -10 0 4T, 10 20

FIG. S2 Spatiotemporal evolution of space-time wave packets interacting with photonic time crystals in
presence of different surrounding media. The setup in (a) & (c) for both the structures and the wave packets
are the same as those in Fig. 4(e) in the main text, except that the surrounding media in (c¢) are vacuum.
Similarly, (b) & (d) have the same set up as those in Fig. 4(f) in the main text, except that the surrounding
media in (c) are vacuum. The perfectly same spatiotemporal evolution of light scattered by real and
homogenized structures (e.g. t/T;, € [10,20]) in (a) & (b) or in (c) & (d) indicates the validity of Maxwell-
Garnett theory.
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