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Free-electron radiation, such as Cherenkov radiation and transition radiation, can gen-
erate light at arbitrary frequencies and is fundamental to diverse applications, ranging
from electron microscopy, spectroscopy, lasers, to particle detectors. Generally, the fea-
tures of free-electron radiation are stochastic when electrons interact with random media.
Counterintuitively, here, we reveal a type of free-electron radiation that has both its inten-
sity and directionality invariant to specific sorts of long-range structural randomness.
Essentially, this invariance is enabled by the Brewster effect and the judiciously engineered
phase coherence condition of emitted light, namely that the light induced by electron’s pen-
etration through a layered aperiodic nanostructure is engineered to interfere constructively
at the Brewster angle. As such, when each constituent layer with a random thickness fulfills
this phase coherence condition, there is always the emergence of free-electron resonance
transition radiation at the Brewster angle. At this resonant Brewster angle, we further find
that the radiation intensity and directionality could be enhanced by orders of magnitude
by readily increasing the interface number. The revealed resonance transition radiation via
long-range Brewster randomness may offer a feasible route to explore more enticing pho-
tonic applications driven by free electrons, such as light sources at previously unreachable
spectral regimes, optical frequency combs, particle detectors, and random lasers.

free-electron radiation | random media | Brewster effect | resonance transition radiation |
random laser

Free-electron radiation (1-7), as an elementary emission mechanism of light, is of fun-
damental relevance to many diverse scientific realms, such as nuclear physics and cosmol-
ogy (8-11). One paradigmatic example is Cherenkov radiation (8, 12-22), which is the
characteristic bluish glow of water-cooled nuclear reactors and would emerge when a
charged particle (e.g., a swift electron) moves faster than the phase velocity of light in the
surrounding matter. Another paradigmatic example of free-electron radiation is transition
radiation (23-32), which contributes significantly to the radio emission of the Earth, the
Sun, and many interstellar and interplanetary media (33, 34) and occurs whenever a
charged particle moves across an optical interface. Up to now, the free-electron radiation
has enabled many practical applications, including electron microscopy (35-40),
free-electron lasers (41-43), particle detection (44—49), beam diagnostics (50, 51), quan-
tum information processing (19, 52), and medical therapy (53, 54), mainly due to its
unique capability to create light emission at arbitrary desired spectral regimes.

Generally, the features of free-electron radiation are random if free electrons interact
with random media. The underlying reason is that the random media with either long-range
or short-range randomness would give rise to complex yet stochastic multiple scattering
of light. On the one hand, it is well known that both short and long-range randomness
in photonic structures might create optical scattering and eventual opacity, due to
Anderson-localization-type phenomena (55-58). On the other hand, the Debye—Waller
effect (59, 60) explains how short-range random fluctuations in periodic structures (e.g.,
those in atomic crystals caused by thermal motion) could preserve coherence but would
cause the attenuation of scattering amplitude, for example, during the diffraction process
of X-rays, electrons or neutrons. In short, the occurrence of stochastic scattering of light
unavoidably makes the prediction and then the manipulation of free-electron radiation
from random media challenging (61-65).

Despite the long research history of free-electron radiation (66-72) and randomness
in photonic structures (55-57, 60, 73-75), the investigation of free-electron radiation
from random media is still in its infancy and mainly focused on the short-range random-
ness (76-78). Generally, the short-range randomness, which still preserves the long-range
order, does not inhibit the conventional mechanisms of free-electron radiation, since
free-electron radiation occurs in a nonlocal fashion (78). Accordingly, the short-range
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randomness was found capable to spatially and spectrally shape
the free-electron radiation, such as the manipulation of
free-electron Smith-Purcell radiation (79-82) via aperiodic nano-
structures (76, 77). Till now, there remains an active interest in
the role of randomness in free-electron radiation, partly due to
the existence of many open scientific questions. Particularly,
whether there are specific sorts of structural randomness, especially
those with long-range randomness, that could enable some invar-
iant features of free-electron radiation remains elusive.

Here, we reveal an enticing possibility to create some invariant
features (i.e., the characteristic intensity and directionality of emit-
ted light) of free-electron radiation via random media. Remarkably,
this invariance-to-randomness correspondence of free-electron
radiation would still emerge even in presence of long-range ran-
domness. This finding indicates an exotic randomness-enabled
way to significantly improve the performance (e.g., intensity and
directionality) of free-electron radiation, for example, by increas-
ing the interface number. The continual exploration of this
invariance-to-randomness correspondence might inspire disrup-
tive ways to control light—matter interactions and is of great inter-
disciplinaryinterest. Asbackground, therandomness-to-randomness
correspondence is indeed universal not only in free-electron radi-
ation and photonics but also in other realms of physics, technol-
ogy, and even philosophy (58, 83-85).

At the core of this work lies the paradigm to achieve the
free-electron resonance transition radiation from random layered
aperiodic nanostructures with the aid of Brewster effect. The
Brewster effect (30, 86-93), dating back to the pioneering work
of Sir David Brewster in the early 1810s, describes a total trans-
mission phenomenon through a dielectric interface under the
incidence of p-polarized light at the so-called Brewster angle.
Recently, it was reported that the Brewster effect can provide a
unique route to tailor free-electron radiation, such as the usage of
the Brewster effect from stacks of variable one-dimensional pho-
tonic crystals to angularly filter the Cherenkov radiation (93) and
the usage of the pseudo-Brewster effect from a gain dielectric slab
to enhance both the intensity and directionality of transition radi-
ation (30). While these previous studies are limited to the frame-
work of either ordered (30) or locally ordered (93) nanostructures,
the intricate interplay between the Brewster effect in aperiodic
nanostructures with the long-range randomness and the resonance
transition radiation remains unexplored. Essentially, our revealed
invariance-to-randomness correspondence for free-electron radi-
ation is achieved by simultaneously enforcing the Brewster effect
and a judiciously designed phase coherence condition of emitted
light. In other words, the multiple transition radiation created at
adjacent interfaces is engineered to interfere constructively at the
Brewster angle. Then, if each constituent layer with a random
thickness is designed to fulfill this phase coherence condition, we
find that there is always the formation of resonance transition
radiation at the Brewster angle, whose intensity and directionality
are robust to the random variations of each layer thickness.
Accordingly, this special sort of structural variation with the
long-range randomness is suggested to be termed the Brewster
randomness, owing to the fundamental role of Brewster effect.
Our revealed Brewster randomness indicates the intriguing poten-
tial to reshape free-electron radiation from random media in a
controllable and flexible way.

Results

We begin with the introduction on how to construct the Brewster
randomness for free-clectron resonance transition radiation. As
schematically shown in Fig. 14, the swift electron with a velocity
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v =Z%v perpendicularly penetrates through a layered aperiodic
nanostructure composed of alternating dielectrics I and I
(94-97). In practice, in order to avoid the inelastic electron
scattering, a tiny hole with its center along the trajectory of elec-
tron could be drilled inside the designed sample (98, 99). For

conceptual brevity, the electron velocity is chosen to have
v < min(c /VELC/VE ), such that the Cherenkov radiation is

fully prohibited, where ¢ is the light speed in vacuum, £  is the
relative permittivity of dielectric X, and X = I or IL. In other words,
there is only the emergence of transition radiation in this work,
which is purely p-polarized.

According to the Brewster effect, the p-polarized transition
radiation would totally transmit through the adjacent interface
between dielectrics I and IT in Fig. 1B, when it propagates along

€rX

€1 TE

the Brewster angle 0y y = arccos inside dielectric X.

Enabled by this unique capability of Brewster effect, the phase
difference between multiple transition radiation emanating from
different optical interfaces at the Brewster angle can be readily
calculated by exploiting the geometric optics in Fig. 1 Cand D.
To be specific, the phase difference A@ between the forward-
propagating transition radiation from the interface of z = z;_;and
that from the interface of z = z; at the Brewster angle can be
analytically obtained as

A(p = wdx/l/ - T — kZ,XdX’ [1]

where b,y = 2 =X __

” c A /5r,I +Er,H
propagating along the Brewster angle in dielectric X, dy = z; — z;_,
is the thickness of the corresponding layer composed of dielectric
X, and w is the angular frequency.

If the phase coherence condition of mod(Ag,27) =0 is ful-
filled, the multiple transition radiation from different optical
interfaces would interfere constructively. As a result, the resonance
transition radiation would emerge and manifest itself as plane-like
waves propagating along the Brewster angle in the forward vacuum
region (i.e., region N + 1 in Fig. 1E). According to this phase
coherence condition, the corresponding layer thickness could be
obtained as

is the z-component wavevector of light

dy = (2myx+1) - dgx, [2]
A
dB,X = > [3]
2<€/V—€r,x/\/5r,l +€r,H)

where my > 0 is a random integer and 4 = 27¢/w is the wave-
length of light in free space. Once the thickness of each constit-
uent layer is randomly chosen but governed by Eqgs. 2 and 3, the
designed layered aperiodic nanostructure has the Brewster ran-
domness. According to Egs. 2 and 3, the proposed Brewster
randomness belongs to a specific sort of long-range randomness
(85), without the consideration of short-range disorders (e.g.,
those caused by imperfect sample fabrications). Actually, the
addition of short-range disorders into the designed layered nano-
structure would not inhibit the exotic capability of Brewster
randomness in the manipulation of free-electron radiation
(SI Appendix, Figs. S3-S5). For conceptual demonstration, the
discussion below focuses on the Brewster randomness described
by Eqgs. 2 and 3.

The validity of Eqs. 2 and 3 can be further verified by analyzing
the angular spectral energy density of free-electron radiation from
layered nanostructures at a predefined working wavelength of
A= 4y (e.g., 49 = 500 nm) in Fig. 2. The angular spectral energy
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Fig. 1. Conceptual demonstration of free-electron resonance transition radiation from a layered aperiodic nanostructure with Brewster randomness. (A-D)
Structural schematic for the design of layered aperiodic nanostructures. The layered nanostructure in A has N parallel interfaces and is composed of two
alternating dielectrics, namely dielectric | and dielectric Il. Each dielectric has a relative permittivity e.x and a thickness dy, where X = | or Il If the emitted
light propagates at the Brewster angle 05 in dielectric X, as depicted in B, it could totally transmit through the adjacent interface between dielectric | and II.
Meanwhile, the light emitted from the interface of z = z; and forward propagating in region / has a phase ¢; in C and D, where j and / are both integers and / > j.
If the phase coherence condition of Ag = ¢; — ¢;_; = 2myz is fulfilled, all transmitted light at the Brewster angle in region / would interfere constructively, where
my > 0is a random interger. If the thickness of each dielectric layer is designed to fulfill this phase coherence condition, the resonance transition radiation
could be formed at the Brewster angle. Then, this judiciously engineered layered nanostructure is termed to have the Brewster randomness. For the Brewster
randomness, the minimum thickness of dielectric X could be obtained by letting my = 0 in the phase coherence condition, and it is set to be dy = dg x in C. When
my # 0, we further have dy = (2my+1)dgy in D. () Field distribution of free-electron resonance transition radiation via the Brewster randomness in region N + 1.
Without further specification, for all the figures in the main text, we set N =100, ¢, = 2.1[e.g,, SiO, (94)], ¢, = 1.4 [e.g., ZrO, aerogel (95)], the particle velocity

v=y,=03c< min(c/,/e,, ,c/,/srlu)to avoid the Cherenkov radiation, the surrounding environment being vacuum, my being randomly distributed from 0 to 9,

and the working wavelength 4 = 45 = 500 nm.

density U(4, 0) in Fig. 2 is derived by extending Ginzburg and
Frank’s theory of transition radiation (23, 25), where 8 is the
radiation angle in the forward vacuum region. For illustration,
the thickness of all layers composed of dielectric II is chosen to
be the same inside the whole layered nanostructure, such as
dyy = dp j1in Fig. 24, which already satisfies Eqs. 2 and 3. Without
loss of generality, the thickness of each layer composed of dielectric
I'in Fig. 24 is set to be dj = (2 my+1)d; 1, where dy; is a fixed con-
stant but 7 is a random integer from the top to the bottom of
the layered nanostructure. Under this scenario, only if 4, /dy is
an odd integer, the thickness of all layers composed of dielectric
I would satisfy Eqs. 2 and 3, and then, the designed layered nano-
structure has the Brewster randomness.

We find that irrespective of the randomness of 72, the resonance
transition radiation emerges at§ = 6y, for d; ;/dy ; = 1 in Fig. 2B,

SALIAI
where the angle 0y, = arccosy / —"—==- corresponds to the
’ el TETT

Brewster angle in the forward vacuum region. More generally,
there is the emergence of strong radiation peaks in Fig. 2C if
dy /g is an odd integer, which clearly indicates that the Brewster
randomness can always give rise to the resonance transition radi-
ation with high directionality at the Brewster angle. Upon close
inspection of Eqs. 2 and 3, the layer thickness used for the

PNAS 2025 Vol.122 No.6 2413336122

construction of Brewster randomness is also sensitive to the elec-
tron velocity, as shown in Fig. 2D. In addition, if dy /dp y is an
even integer, the multiple transition radiation created at adjacent
interfaces would interfere destructively, leading to the formation
of radiation dips in Fig. 2 C and D and SI Appendix, Fig. S6.
With the knowledge of how to construct the Brewster random-
ness, Fig. 3 investigates the interaction of free electrons with various
Brewster randomness in the A-0 parameter space, which is intrin-
sically related to the energy—momentum space of emitted light. As
governed by Eqgs. 2 and 3, all Brewster randomness in Fig. 3 is
designed at a prescribed working wavelength of A = 4, with the
usage of £ 1 = 6.1[e.g., S'TiO; (94)] and &, ; = 1. From the angu-
lar spectral energy density, Fig. 3 A—C shows that there are a bunch
of radiation peaks in the A-6 parameter space, which can be cate-
gorized into three types. First, the appearance of most radiation
peaks is intrinsically random and generally sensitive to the variation
of Brewster randomness (i.e., the random choice of 72, and 7, in
Egs. 2 and 3). Second, when 4 — 4y and 6 — 0y, = 67.96°,
the appearance of some radiation peaks in Fig. 3 A~C becomes
relatively insensitive to the variation of Brewster randomness. We
further show in ST Appendix, Fig. S7 that the emergence range of
these radiation peaks in the energy—momentum space of emitted
light can be flexibly tailored through the judicious manipulation

https://doi.org/10.1073/pnas.2413336122 3 of 8
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Fig. 2. Angular spectral energy density of free-electron resonance transition radiation via Brewster randomness at a predefined working wavelength 2 = Aq(e.g.,
Ao = 500 nmin the calculation). For conceptual illustration, here, we use ¢,; = 2.1and ¢, = 1.4. (A) Structural schematic of the layered aperiodic nanostructure.
The thickness of each layer composed of dielectric Il is the same inside the whole structure, namely d|, = dg,, and the thickness of the layer composed of
dielectric l'is d, = (2m,+1)dy,, where d, is a fixed constant and m, is a random interger. Then, the designed layered aperiodic nanostructure has the Brewster
randomness only if dy, /dp,is an odd integer. (B) Angular spectral energy density U( 4o, 6) of free-electron forward radiation into region N + 1, by letting dy, /dg, = 1.
For layers composed of dielectric I, from the top to the bottom, the choice of m, follows the decimal expansion of some irrational numbers to test various
Brewster randomness, such as the golden ratio (1 +v5/2) with m; =1, 6, 1, 8... in the Left panel, z with m, =3, 1, 4, 1... in the Middle panel, and Euler's number e

with m, =2, 7,1, 8.... in the Right panel. (C) jﬂB"’aﬁM do2asing)U( 4, 8) as a function of dj, for various randomness of m, € [0, 9]for cases studied in B and other

BB,VBC_AG
cases with computer-generated randomness, under the scenario of v = v5 = 0.3c and A9 = 5°. (D) IGB"’HCM@ doasing)U( 4, 8) as a function of dy, and v, with

; 0B,vac—A0
computer-generated random integer m, € [0, 9].

of material dispersion. Third, strictly speaking, only the radiation ~ interfaces of the designed layered nanostructure, despite that the
peak at the special point of (l5,qp ) in Fig. 3 A-C'is invariant to  emitted light propagates along the Brewster angle 0  in Fig. 4A4.
the variation of Brewster randomness. !

To gain a deeper understanding, we extract the dependence
of A, on O for various Brewster randomness in Fig. 3D.
This dependence is calculated by using the definition of U (4,,,,,
0) = max[U(4,6), 4] inside a relatively small region, which contains
the special point of (4g,0p,), such as the region with

/A €10.99,1.01] and 6 € [64°,72°] in Fig. 3 A-C. From 0 = 0y x from the first inFerface to the final one. Because of Fhis
random phase accumulation, the interference between multiply

scattered resonance transition radiation at the forward vacuum
region might be randomly constructive or destructive. As a result,
Fig. 4D shows that the value of U (/10, O3 yac ) for resonance tran-
sition radiation from various Brewster randomness in Fig. 44 has

Correspondingly, the value of mod (> 27 ) would be randomly
distributed within the range of [0, 27) in Fig. 44, namely

mod (i, 2) € [0, 22), whete by /2= T, b, (zj —Zj_l)

is the accumulated phase during the propagation of light at

Fig. 3D, there is always a fixed overlapped point at 4,,,, = 4,
and 0 = 0y ,.. Meanwhile, Fig. 3E shows the dependence of
U (Amax> 0) on 6. We find that only the value of U ( Ay 0B yac)

in Fig. 3F would maintain unchanged under the variation of
Brewster randomness. When the radiation angle 8 is further away
from the Brewster angle 03 ..., the value of U ( A1y, 0) in Fig. 3F
would become more sensitive to the variation of Brewster
randomness.

We now proceed to study the influence of the interface
number /V on the resonance transition radiation via the Brewster
randomness in Fig. 4 A-F. Generally, the Brewster angle of

an increasing tendency but randomly oscillates with the increasing
interface number.

This random-oscillation dependence on the interface number
in Fig. 4 A and D could be detrimental for practical applications.
Below, two ways are proposed to eliminate this random oscilla-
tion. One way is to add an additional layer composed of dielec-
tric X at the bottom of layered nanostructures with the Brewster

GB,VaC = arccos, / % at the interface between dielectrics I and randomness in Flg 4B. The thickness of this additional layer
Erl T el , AT does not need to fulfill Egs. 2 and 3 but should be judiciously
ITis not equal to the Brewster angle of 'y ,,. = arccos / =—=- at
X

the interface between dielectric X (X = I or II) and vacuum, when
€.x # 1. This way, there is nonzero reflection at the first and final ~ phase now becomes ¢, /2 = [ij\iz k. j (Z] -Zi )] + &, Nt

designed to enable mod (g, 277) = 0, where the accumulated

40f 8 https://doi.org/10.1073/pnas.2413336122 pnas.org
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Fig. 3. Free-electron resonance transition radiation via Brewster randomness in the energy-momentum space. The energy-momentum space is equivalent
to the 4-6 parameter space, since the working wavelength 4 and the radiation angle 8 are related to the photon energy Epp,o0n = 27/C/4 and the component
of photon momentum parallel to the interface p,, = sing « 2z7/ 1, respectively. (A-C) Angular spectral energy density U(4, 8) of free-electron forward radiation
from layered aperiodic nanostructures with various Brewster randomness. For illustration, the layered aperiodic nanostructure here has N = 1,000, ¢, = 6.1
[e.g., SrTiO; (94)] and ¢, = 1. (D) Dependence of 4.,,, on @ for various Brewster randomness, as extracted from A-C. To be specific, A, is calculated by using
U (maxs 6) = max U (1, ), A] inside the region of A/ 4, € [0.99,1.01] and 6 € [64°,72°], which corresponds to the region highlighted by a dashed rectangle in A-C.
(F) Dependence of U (Ayax 6) 0N 6. The value of U(Ag, 8g,ac ) is a constant regardless of Brewster randomness.

(Zys1—2Zy) = ZJI\:? ke (Z] —-Zi ).Under this scenario, the

multiply scattered resonance transition radiation at the forward
vacuum region would be all in-phase and then interfere construc-
tively. As a result, Fig. 4D shows that the value of U (4¢, 0,4, )
for resonance transition radiation from various Brewster random-
ness in Fig. 4B is proportional to N, namely U(ﬂo, BB’VaC) x N2,
when the interface number is N>> 1 (e.g., N > 100). Similarly, if
the thickness of this additional layer is designed to have
mod (g, 27) =7 in Fig. 4B, the destructive interference
would always happen for these multiply scattered resonance tran-
sition radiation at the forward vacuum region. By comparing the
two cases with mod(@p,e,» 27r) = Oor z in Fig. 4 Band D further
shows that when V>> 1, the judicious design of this additional
layer could improve the radiation intensity by one order of mag-
nitude, which is favorable in practical applications.

The other way is to let one of the constituent dielectrics be vacuum
(e.g. €51 = 1) in Fig. 4C. This way, we have 0 y = G;S,X’ and there
is zero reflection at the first and final interfaces of the designed layered
nanostructure in Fig. 4C. As a result, Fig. 4D shows that the case in
Fig. 4Chas U (¢, 0p yoc)  N? for arbitrary interface number .
In this case, Fig. 4F shows the dependence of the angular width
ABpypv and the spectral width A Apyypqa on the interface number,
where ABpywv and A Apyppy are the full width at half maximum
(FWHM) of U (g, 0) and U (4, 0y ), respectively. From Fig. 4F,
both the angular width and the spectral width are proportional to
1/N, namely AApgy & 1/N and AOpgyy < 1/N, if N> 1.
We further show in S/ Appendix, Fig. S9 the influence of material
loss on these revealed relations (e.g., U(4g,0p,) & N? and
Abpwiny « 1/N) and find that these relations would keep almost

PNAS 2025 Vol.122 No.6 2413336122

unchanged when both the material loss and /V are reasonably large.
This further indicates the possibility to extend the revealed phenom-
enon of resonance transition radiation via Brewster randomness from
all-dielectric systems studied to other plasmonic and photonic systems
(3, 100, 101), once the material loss is reasonably large.

Discussion

In conclusion, we have revealed that the free-electron resonance
transition radiation from layered aperiodic nanostructures could
have both its intensity and directionality invariant to the long-
range Brewster randomness. This invariance-to-randomness cor-
respondence of free-electron radiation from random media might
inspire disruptive ways to control light-matter interactions and
facilitate the development of miniaturized optical devices driven
by free electrons. For example, with the aid of optical broadband
angular filter (89, 102-104), the revealed resonance transition
radiation via Brewster randomness may enable the exploration of
advanced light sources at some previously unreachable spectral
regimes (e.g., terahertz, far-infrared, and mid-infrared), simulta-
neously with high directionality and narrow frequency bandwidth.
If a series of layered nanostructures with the Brewster randomness
are designed to work at various equally spaced frequencies and
then stacked together, a more-complex layered nanostructure with
multiple Brewster randomness would be formed, and its interac-
tion with free electrons might give rise to optical frequency combs
(105-108). Meanwhile, if the optical gain is introduced into the
design of layered nanostructures, the resultant Brewster random-
ness with optical gain might be exploited for the realization of
random lasers (83, 109—-111). These optical devices driven by the
interactions between free-electrons and the Brewster randomness
could be of paramount importance to practical applications,
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Fig. 4. Dependence of the intensity, angular width, and spectral width of free-electron resonance transition radiation via Brewster randomness on the interface
number. (A-C) Structural schematic. The layered aperiodic nanostructure with Brewster randomness has ¢, = 3.4 [e.g., Y3AlI;0,, (94, 96)] in A-C, &, = 1.4 [e.g.,
Zr0O, aerogel (95)] in A and B but ¢, = 1in C. For emitted light with 6 = 6g,,., there would be nonzero reflection at the first and final interfaces in A and B,
since both e, and ¢, are not equal to one. As a result, mod(¢g,ey, 27) is generally randomly distributed within the range of [0, 2z) in A, where ¢ge,,/2 is the
accumulated phase during the propagation of light with § = 6, from the first interface to the final one. Particularly, mod (¢gew, 2) = 0 (or z) could be achieved
if an additional layer with a judiciously designed thickness is added at the bottom of the layered structure in B, and correspondingly, the transmitted forward
radiation into region N + 2 could interfere constructively (or destructively). By contrast, if e, = 1, there would be zero reflection at the first and final interfaces
for emitted light with 8 = 6g,,. in C. (D) Dependence of the angular spectral energy density U(4, 8g,,c) On the interface number N for cases investigated in A-C.
(E) Dependence of the angular width Afpyy and the spectral width Apyyw on N for the case investigated in C, where A8y and Adgyyy correspond to the full

width at half maximum (FWHM) of U(4q, 0) and U(4, 0g,5.), respectively; see Insets.

including on-chip information processing, communications,
chemical detection, biomedical sensing, and imaging.

Methods

Derivation of Free-Electron Resonance Transition Radiation from
Layered Aperiodic Nanostructures. Within the framework of classical
electromagnetics, Ginzburg and Frank's theory of transition radiation from
a single interface in S/ Appendix, Fig. S1 is extended to a layered aperiodic
nanostructure with N interfaces in SI Appendix, Fig. S2. The angular spectral
energy density and excited field distribution of free-electron radiation are ana-
lytically derived in S/ Appendix, section S1.To be specific, the field distribution
in real space can be derived by performing the plane-wave expansion, that is,
—E*(=r,t) = [ dwd —k, ER, e~kimriiol After some calculations, the dis-
tribution of radiation fleld in reglonj is obtained as

%.31 .e_’.kZJ(Z_dT) (l:'])
we(21)
B =1 % [aj.‘ i) gt -e’kz/(Z*dH)] 2<j<N),
wey(2x
iq ik a1 (=0 ) :
R —] . efan+1 N (]=N+’|)
0)80(271')3 i

where a (aj.*) is the generalized factor for the backward (forward) radiation in
region j. Based on the knowledge of the radiation field, the forward angular
eiﬁ1q2cosze|a,\m |2

4x3€csinZ0

spectral energy density is obtained as U(4, 8) =

https://doi.org/10.1073/pnas.2413336122

Resonance Transition Radiation via Brewster Randomness at the
Brewster Angle. The forward angular spectral energy intensity U(Aq, 0g,,c)
of resonance transition radiation via the Brewster randomness at the Brewster
angle is analytically obtained in S/ Appendix, section S2. The dependence of
U(Aq, Oge, ) 0n different parameters, including the interface number, the die-
lectric permittivities, and the electron velocity, is also analyzed.

Influence of Short-Range Disorders on the Performance of Brewster
Randomness. More discussion on the Brewster randomness is provided in
SI Appendix, section S3, such as the comparison for the long-range Brewster
randomness and the short-range structural disorders in S/ Appendix, Fig. S3,
and the influence of short-range structural disorders on the optical features
of the revealed resonance transition radiation via the Brewster randomness in
Sl Appendix, Figs. S4 and S5.

More Discussion on the Resonance Transition Radiation via Brewster
Randomness. We provide more discussion on the resonance transition radia-
tion via Brewster randomness in S/ Appendix, section S4, including the destruc-
tive interference of multiple transition radiation created at adjacent interfaces
in SI Appendix, Fig. S6, the influence of material dispersion, material loss, and
interface number on the resonance transition radiation via Brewster randomness
in SI Appendix, Figs. S7-S10, the photon yield of resonance transition radiation
via Brewster randomness in S/ Appendix, Figs. S11 and $12, and the resonance
transition radiation via Brewster randomness from layered nanostructures com-
posed of realistic materials in S/ Appendix, Fig. S13.

Data, Materials, and Software Availability. The data represented in all figures are
available on 10.5281/zenodo.14211143(112). All theoretical and numerical findings
can be reproduced based on the information in the article and/or S/ Appendix.
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