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Cherenkov radiation occurs only when a charged particle moves with a velocity exceeding
the phase velocity of light in that matter. This radiation mechanism creates directional
light emission at a wide range of frequencies and could facilitate the development of
on-chip light sources except for the hard-to-satisfy requirement for high-energy parti-
cles. Creating Cherenkov radiation from low-energy electrons that has no momentum
mismatch with light in free space is still a long-standing challenge. Here, we report a
mechanism to overcome this challenge by exploiting a combined effect of interfacial
Cherenkov radiation and umklapp scattering, namely the constructive interference of
light emission from sequential particle-interface interactions with specially designed
(umklapp) momentum-shifts. We find that this combined effect is able to create the
interfacial Cherenkov radiation from ultralow-energy electrons, with kinetic ener-
gies down to the electron-volt scale. Due to the umklapp scattering for the excited
high-momentum Bloch modes, the resulting interfacial Cherenkov radiation is uniquely
featured with spatially separated apexes for its wave cone and group cone.

Cherenkov radiation | transition radiation | umklapp scattering | photonic crystals

Cherenkov radiation (1-7) is a typical type of free-electron radiation that is crucial to
many practical applications, ranging from Cherenkov detectors (8-13), light sources
(14-16), and medical imaging (17-19), to photodynamic therapy (20-22). These appli-
cations are enabled by a unique feature of Cherenkov radiation, namely the capability to
create light emission with high directionality at any frequency, given a charged particle
moves with a velocity above the Cherenkov threshold (23, 24), which corresponds to the
phase velocity of light in the background matter. As fundamentally restricted by the
Cherenkov threshold, these applications have to rely on high-energy particles. For example,
the kinetic energies of charged particles used in medical imaging and therapy is in the
order of mega-electron-volts (MeV) (22); Cherenkov detectors are useful for the identi-
fication of high-energy particles generally in the order of giga-eV (GeV) (12, 13). There
is a continuous quest to reduce the Cherenkov threshold, with the hope of even creating
Cherenkov radiation from slow electrons. Achieving free-electron radiation (e.g.,
Cherenkov radiation) from slow electrons (16, 25-30) is now an active area of research
that is highly sought after and is of special importance, especially for its prospects to boost
the development of integrated light sources.

The reduction of Cherenkov threshold generally relies on the usage of high-momentum
modes with low phase velocities, such as those in hyperbolic materials (16, 31-40).
Such materials are fundamentally limited by losses and nonlocality (32-34). This way,
the phase velocity of these hyperbolic modes cannot reduce to absolute zero; nevertheless,
it can be orders of magnitude smaller than the speed of light in free space, leading to
low-threshold Cherenkov radiation (16, 32). However, these hyperbolic modes, once
excited, remain difficult to couple into free space, since they still suffer from severe
momentum mismatch with light in free space and would be totally reflected at the
material interface. To extract these hyperbolic modes into free space, additional struc-
tural design is mandatory, such as the tilting of the optical axis of hyperbolic materials
(35), the nanopatterning of hyperbolic materials themselves (36, 37), or the addition
of patterned nanostructures on the interface of hyperbolic materials (16, 38). These
additional structural designs for outcoupling purposes may deteriorate the properties
of originally excited Cherenkov radiation inside hyperbolic materials, such as the unique
relation between the Cherenkov angle and the particle velocity, the directionality, and
the radiation spectrum. In short, despite the long history of free-electron radiation
(41-50), the creation of Cherenkov radiation that has no momentum mismatch with
light in free space from slow electrons remains an enticing but challenging goal. Here,
we propose a mechanism to achieve this goal using a unique combination: the umklapp
scattering and the constructive interference of radiation from many parallel interfaces,
namely transition radiation.
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Significance

Cherenkov radiation is
fundamentally limited by
Cherenkov threshold, since it
generally originates from
particle-bulk interactions. This
fundamental limitation requires
the usage of high-energy charged
particles for its creation and
impedes many promising
applications, such as novel
on-chip light sources. Recently,
interfacial Cherenkov radiation
was revealed by engineering the
interference of light emission
from sequential particle-
interface interactions. Here we
report the enticing capability of
interface-effect-based Cherenkov
radiation to overcome the
fundamental limitation of
Cherenkov threshold for
conventional bulk-effect-based
Cherenkov radiation.
Remarkably, we find the
possibility to create threshold-
free interfacial Cherenkov
radiation with the aid of umklapp
scattering. Our work thus may
pave the way toward compact
on-chip light sources at some
desired frequencies (e.g.,
terahertz or ultraviolet regimes)
from low-energy electrons.
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Transition radiation (51-54) originates from particle—interface
interactions. It is distinct from the conventional bulk Cherenkov
radiation originating from particle-bulk interactions. The conven-
tional transition radiation could occur at any electron velocity and is
of poor directionality, especially for slow electrons, but inherently
momentum-matched with light in free space. Recently, we revealed
in ref. 13 that the constructive interference of transition radiation
excited by the interaction between relativistic charged particles and
many parallel interfaces can effectively form an alternative type of
Cherenkov radiation with high directionality. Since this type of effec-
tive Cherenkov radiation is induced by particle-interface interactions,
we suggest to denote it as interfacial Cherenkov radiation, which
intrinsically has no momentum mismatch with light in free space
and can thus freely couple into free space. The study of interfacial
Cherenkov radiation has already demonstrated its potential in the
design of nanophotonic Cherenkov detectors for identifying
high-energy particles (13) butis still in its infancy. Whether the inter-
face effect could also be exploited to create the interfacial Cherenkov
radiation from slow electrons remains an open question.

In this work, we reveal the possibility of creating interfacial
Cherenkov radiation from ultralow-energy electrons. We find that

A interfacial
Cherenkov radiation
e

k,=wh ——————— k! =k,— m-2n/d

umklapp

K=Tk+sk, ——— K=

Vg i Vi

separated apexes of wave & group cones: Og¢OV'v

T S’
Lki+2k)

--- wave cone before umklapp
— wave cone after umklapp

anisotropy:

the interfacial Cherenkov radiation is essentially threshold-free since
the accompanied umklapp scattering could flexibly shift the momen-
tum of excited high-momentum Bloch modes along the direction
of periodicity. While high-momentum Bloch modes in photonic
crystals (55-59) were used to reduce the Cherenkov threshold, pre-
vious works focused on the discussion of conventional bulk
Cherenkov radiation inside photonic crystals (55). Since the umklapp
scattering would reshape the wave cone (namely a constant-phase
surface), we find that the interfacial Cherenkov radiation is also fea-
tured with spatially separated apexes for its wave cone and group
cone (related to the crest of light emission or the Cherenkov cone).

We begin with the Huygens construction (60-62) for the wave
and group cones of interfacial Cherenkov radiation inside an ideal
unbounded 1D photonic crystal in Fig. 1 A-F. Without loss of
generality, the photonic crystal is composed of two transparent
dielectrics, such as those with relative permittivities of €, ; and
€., respectively. In order to let the electrons safely pass through
the photonic crystal, one may drill a tiny hole (14) through the
photonic crystal along the electron trajectory. Generally, the
Huygens construction for the wave and group cones of Cherenkov
radiation is related to four types of velocities, namely the electron

B bulk
Cherenkov radiation

Huygens construction

for wave cone

20of7 https://doi.org/10.1073/pnas.2306601120

non-circular ray surface \

frequency dispersion:
6, = eg; |vg| = U]

3 )]
I
A4 umklapp scattering: 8
wave-cone reshaping; 2
separation of O, and Og; '5?

I
}U;C\»/ iati o
One ¥ 0,4 threshold-free radiation 9

Fig. 1. Huygens construction of interfacial Cherenkov radiation with umklapp scattering inside an infinitely large one-dimensional photonic crystal. The photonic
crystal is composed of two transparent materials with relative permittivities of ¢,y and e, and thicknesses of d; and d, , respectively. The Huygens construction
of wave and group cones is related to four velocities, namely the electron velocity v = 2v , the phase velocity v,,, the group velocity v, , and the ray velocity & .
(A, C, and E) Interfacial Cherenkov radiation. (B, D, and F) Conventional bulk Cherenkov radiation inside an isotropic material without dispersion. The generatrix of
the wave cone for monochromatic waves in C and D can be constructed by plotting the common tangent of Huygens wavelets with a same frequency w emitted
at different times. Since the monochromatic waves are radiated not in pulse, but continuously, there would be a series of wave cones whose generatrices are
parallel to each other; see the instant positions of a series of wave cones with phase difference of wAt = 2z in D. The intersections of all wave-cone generatrices
for two neighboring frequencies  and w + Aw would give the instant surface of equal phases for these two frequencies, namely the instant position of group
cone in £ and F, where Aw/w — 0. From the causality principle, the apex of the group cone always coincides with the instant position of the moving electron.
Due to the umklapp scattering, the wave cone would be reshaped, including its apex and aperture.
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velocity 7 = v, the group velocity 7, = Lu, | +Zu,,, the phase
VClOC/l\ty v, = kv, = J_v&l +zv,,, and the
u=lu, +Zu,, where L is a basis vector perpendicular to

the electron velocity. The electron’s velocity would be below
the Cherenkov threshold by imposing the constraint of

v < min (c/ VE 1/ \/En ) in Fig. 1 A, C, and E; as a result,

the possibility of conventional bulk Cherenkov radiation inside
the photonic crystal is excluded. The group velocity in this work
maintains its physical meaning as the velocity of energy flow
(63, 64), since there is no anomalous dispersion in our studied

ray velocity

system. While the phase velocity v, = /k:z/p represents the velocity
of phase propagation along the wavevector # of the emitted light,
the ray velocity corresponds to the velocity of phase propagation
along the ray, namely along the direction of energy flow (61, 62).
Mathematically, we have £ - % = Y and «|| Zg (60-62).

Due to the anisotropy of photonic crystals, the phase velocity
and group velocity of Bloch modes are nonparallel, and a noncir-
cular ray surface is formed for all Bloch modes and thus the second-
ary Huygens wavelets at a given frequency in Fig. 14. With the
knowledge of ray surface (60, 65), the wave cone with an aperture
0, can be constructed by the common tangent of secondary Huygens

. . u . 2 .
wavelets in Fig. 1C, where 0, = arctan( L ) = arcsm(—P) is
v— uz v

related to either the ray or phase velocity (S Appendix, section S3).
Correspondingly, the intersection of all wave-cone generatrices for
two neighboring frequencies would determine the instant position
of the group cone with an aperture 6, in Fig. 1E, where
Vg L
6, = arctan < 2

VT Vs

is related to the group velocity. Due to the

frequency dispersion of photonic crystals, we generally have noni-
dentical magnitudes for the ray and group velocities, namely
|z] # |5g| As a result, the apertures for the wave and group cones
are generally not identical, namely 6, # 6,,. Since these properties
are purely induced by the anisotropy and the frequency dispersion,
they are not unique to the interfacial Cherenkov radiation but in
principle can occur for the conventional bulk Cherenkov radiation,
for example, inside an anisotropic material with the presence of fre-
quency dispersion (62, 66, 67). For comparison, we also show the
Huygens construction for conventional bulk Cherenkov radiation
inside an isotropic material with a relative permittivity of e, = €, in
Fig. 1 B, D, and F. Due to the isotropy and the absence of frequency
dispersion, the bulk Cherenkov radiation has a circular ray surface for
the secondary Huygens wavelets, v, = v, =, and 6, = 6,,.

'The interfacial Cherenkov radiation from low-energy electrons
is always accompanied by the umklapp scattering due to the struc-
tural periodicity of photonic crystals. The umklapp scattering plays
a critical role in reshaping the wave cone of interfacial Cherenkov
radiation in Fig. 1C, including its aperture and apex. In the
absence of the umklapp scattering, the emitted Bloch mode has
awavevector of £ = Lk, +Zk,, where £, = @ /v is determined by
the electron velocity according to the phase matching condition
between the emitted light and the moving electron. Corr-
espondingly, the original wave cone has an aperture of
6, = arcsin (%ﬂ ) = arctan (,/:—i ), and the apex of each wave cone

~

20 _ >, —7. Since 7, is

moves with a velocity of 3 apex,w

apex,w = k,
equal to the electron velocity, the apex O,, of one specific wave
cone could be spatially overlapped with the moving electron at
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any time. Due to the umklapp scattering along the periodicity
direction, the z-component of wavevector would be changed from
k,to k!l =k, —m-2m[d, where d is the unit-cell thickness of
photonic crystals and the Fourier order 7 is a nonzero integer. As
a result, the excited Bloch mode after the umklapp scattering has

- . e
awavevector of # = Lk, + zk!. Then, each wave cone would be
/

reshaped to have an aperture of §/ = arctan (:—z ) Moreover, the
apex of each wave cone would be reshaped to move with a velocity
of ¥/ — Zw [ k. Because ngex,w # v, the apexes of all wave
cones would be spatially separated from the moving electron as the
time varies. For example, the apex O, is reshaped to O/, whose
position is ahead of the moving electron in Fig. 1C. These modifi-
cations to the wave cone do not violate the causality principle (65)
because the wave cone does not necessarily carry the radiated energy.

On the other hand, the group cone of interfacial Cherenkov
radiation would not undergo the umklapp scattering, as funda-
mentally governed by the causality principle. Correspondingly,
the Huygens construction of the group cone in Fig. 1 £ should use
the original wave cones before the umklapp scattering. In other
words, the apex of the group cone should always be spatially over-
lapped with the position of the moving electron and moves with
a velocity of v, , =7, since the group cone is related to the
propagation of the radiated energy which emanates from the mov-
ing electron. While the interfacial Cherenkov radiation has
Vapexg ngex’w, there exists no such a reshaped wave cone after
the umklapp scattering whose apex is overlapped with that of the
group cone at any time, namely O, # 0.

To facilitate the understanding of interfacial Cherenkov radi-
ation, we show the spatial distribution of excited fields when an
electron moves inside an infinitely large photonic crystal in Fig. 2
Aand Cand an infinitely-large homogeneous material in Fig. 2
Band D. At the frequency domain, the field D,(w) is shown in
Fig. 2 A and B. Plane-like waves are created inside both the
photonic crystal and the homogeneous material, which represent
a direct signature for the emergence of Cherenkov radiation.
This way, Fig. 2 A and B indicate that the constructive interfer-
ence of light emission from particle-interface interactions could
offer an alternative way to create the Cherenkov radiation, in
addition to particle-bulk interactions. At the time domain in

Fig. 2 C and D, the field D,(z) = _[ dwD, (w)e ™" F ; (w) is
calculated in Fig. 2 Cand D, where a window function F,;,(w)
is used to get a clear picture of the group cone. Since

Vapexg ngex’w, the interfacial Cherenkov radiation in Fig. 2C
has spatially separated apexes for its wave cone after the
umklapp scattering and its group cone (namely O, # 0'), and
it is distinct from the conventional bulk Cherenkov radiation
(Og = 0,,) in Fig. 2D.

To consider the potential influence of reflection at the interface
of photonic crystals, we further investigate the interfacial
Cherenkov radiation from a photonic crystal with a finite length
in Figs. 3 and 4. The photonic crystal is surrounded by free space,
and it has a unit-cell number of 200 in Figs. 3 and 4. For the
interfacial Cherenkov radiation, the corresponding momentum
mismatch and the total internal reflection could be avoided by
imposing the constraint of | £ | < kj, where k; is the wavevector
of emitted light into free space. By enforcing the boundary con-

ditions, we have the radiation angle 6 = arcsin k—l ), which is

the angle between kand 7 (=) for the forward (baockward) radi-
ation as schematically shown in Fig. 34. Under this scenario, we
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Fig. 2. Real-space demonstration of wave and group cones for interfacial
Cherenkov radiation inside an infinitely large photonic crystal. The
structural setup of the photonic crystal is e, =2.1, ., =2.3, d; = 0.34,
and d, =0.74,, where Jq is working wavelength in free space. For the
interfacial Cherenkov radiation in the left panel, the electron velocity of
v = 0.4¢c < min <c/ \/?,c/ @) is used. That is, this electron velocity is
chosen to be below the Cherenkov threshold and the corresponding kinetic
energy is 46.5 keV. For the bulk Cherenkov radiation in the Right panel, an
isotropic material with a relative permittivity of ¢, =¢,, and the electron
velocity of v = 0.7¢ > ¢/4/e are used. That s, this electron velocity is chosen to
be above the Cherenkov threshold and the corresponding kinetic energy is 205
keV. The instant position of the electron is at z = z, for the time of t = ¢,. (A and
B) Distribution of excited field D, (wy ). Plane-like waves are induced both for the
interfacial and bulk Cherenkov radiation. (C and D) Distribution of excited field
a%(w—(no)z
2 v2

D,(ty) = [ dwD,(w)e ™0 F,,;,(w), where a window function F, (@) = e~
with 6, = 2.54 is used for the illustration of the group cone.

find the relationship between the electron velocity v and the radi-
ation angle 6 is governed by

wd

v= 2mn + P8, w) (]
@(0, w) = arccos [cos . 141cos k, ydy — %sin(kz’ldl)
& lkzZ & Zkzl [2]
in(h -d 1%z, 27z,
Sm( =2 2) <£r,2/€z,1 " er,lkz,2>]

where d = d; + d, is the unit-cell thickness of photonic crystals,
d; is the thickness of the photonic crystal constituent with €,

k

2
The factor of 27 in Eq. 1 stems exactly from the umklapp scat-
tering, whose existence ensures the possible solution of 6 in Eq. 1
even under the scenario of v /¢ < 1, where ¢ is the speed of light in
free space. In other words, the interfacial Cherenkov radiation is in
principle threshold-free, as can be seen from the dependence of the
radiation angle on the electron velocity in Fig. 3 Band C. For exam-
ple, the interfacial Cherenkov radiation could occur even when the
electron velocity is down to the order of 1072¢ in Fig. 3C, due to
the umklapp scattering with 7 = 45 for high-# Bloch modes (or
down to the order of 1073 ¢ with m = 900 in S7 Appendix, Fig. S8).
To rigorously demonstrate the angular feature of interfacial
Cherenkov radiation, its total angular spectral energy density

kor/€rj — sin?6, and j is either 1 or 2.
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U, (0, v) is shown in Fig. 3D by following and extending
Ginzburg and FranK’s theory of transition radiation within the
framework of classic electromagnetic wave theory (13, 51, 52,
68-72). In principle, our results do not depend on the specific
choice of working angular frequency , as long as the emitted
photon energy # Aiw is much smaller than the kinetic energy £
of electrons, namely A i < E}, so that the quantum recoil effect
(48) can be safely neglected. The interfacial Cherenkov radiation
with high directionality from ultralow-energy electrons manifests
itself as the radiation peaks in the @ -» parameter space. Moreover,
the trajectory of these radiation peaks in Fig. 3D is in accordance
with the relationship between 6 and v as revealed in Fig. 3C, which
proves the validity of Eq. 1. On the other hand, there are regions
in the #—v parameter space with the absence of interfacial
Cherenkov radiation in Fig. 3 Band D. This is due to the failure
of forming the constructive interference of light emission from
particle—interface interactions. This way, the free-electron radia-
tion in these regions still behaves as the conventional transition
radiation and suffers from the low directionality and the low inten-
sity in Fig. 3D.

Moreover, we find that the interfacial Cherenkov radiation
has a certain tolerance to the variation of material’s permittivity
in SI Appendix, Fig. S4, the variation of the thickness of each
constituent dielectric layer in ST Appendix, Fig. S5, and the
material loss in S/ Appendix, Fig. S6. Meanwhile, the photon
extraction efficiency (26, 70) of interfacial Cherenkov radiation
would exhibit a periodic oscillation tendency with respect to
the order of umklapp scattering or the electron velocity in
SI Appendix, Fig. S7. In addition, when considering the energy
bandwidth of free electrons, there could be an angular
spread of the interfacial Cherenkov radiation in SI Appendix,
Fig. S11.

Last but not least, the combined effect of umklapp scattering
and particle-interface interactions could also enable the possibility
of creating the backward Cherenkov radiation, as shown in Fig. 4
A-D. While the backward Cherenkov radiation has been exten-
sively demonstrated from optical systems with an effective negative
index or Zp . Zg <0 (66, 73=75), our revealed one from
ultralow-energy electrons (e.g., with v /¢ < 1) that has no momen-
tum mismatch with light in free space in Fig. 4 and S/ Appendix,
Fig. S9 has never been reported before.

While the relation between 6 and v for the interfacial
Cherenkov radiation could be well predicted from Eq. 1 or the
result in Fig. 3B, the direction of its energy flow inside the
photonic crystal is still elusive. To address this issue, the angular
spectral energy density for the forward radiation Ug(0, v) and
the backward radiation U(0, v) are separately plotted in Fig. 4
A and B, respectively. From Fig. 4 4 and B, the predominant
energy flow of interfacial Cherenkov radiation would propagate
in opposite directions in different regimes of the electron veloc-
ity. The forward interfacial Cherenkov radiation is characterized
by Up(0,v) > Ug(0,v) in Fig. 44, and the originally excited
interfacial Cherenkov radiation inside the photonic crystal
propagates along the + z direction in Fig. 4C. By contrast, the
backward interfacial Cherenkov radiation begins to have
Urp(8,v) < U(8,v), and it propagates along the —z direction
inside the photonic crystal in Fig. 4D.

In conclusion, we have revealed that the combined effect of
umklapp scattering and particle—interface interactions could
provide a viable mechanism to create the interfacial Cherenkov
radiation from ultralow-energy electrons that has no momen-
tum mismatch with light in free space. This combined effect
also enables a viable route to create the backward interfacial
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Fig. 3. Interfacial Cherenkov radiation from an ultralow-energy electron perpendicularly penetrating a photonic crystal with a finite thickness. The structural
setup of the photonic crystal is the same as that in Fig. 2. (A) Structural schematic. The radiation 6 is the angle between v (—v) and & for the forward (backward)
radiation. (B and C) Relation between the radiation angle of interfacial Cherenkov radiation and the electron velocity. The ultralow-velocity regime in B as highlighted
by the orange dashed line is enlarged and replotted in C. (D) Uyra) = Ug(8, v) + Ug(8, v) as a function of the electron velocity and the radiation angle, where Ur(6, v)
and Ug(8, v) represent the angular spectral energy densities of the forward and backward radiation, respectively. The velocity range of v/c € [1.97, 2.03] x 1072in
(Cand D) corresponds to the electron kinetic energy of £, € [99, 105] eV. This velocity range is chosen to show the possibility of creating the interfacial Cherenkov
radiation from low-energy electrons.

Cherenkov radiation from ultralow-energy electrons that can ~ Bloch modes. The revealed interfacial Cherenkov radiation may
freely couple into free space. Moreover, we have found that the  contribute to the development of compact on-chip light source
interfacial Cherenkov radiation is uniquely featured with spa- ~ from ultralow-energy electrons; see the discussion about
tially separated apexes for its wave and group cones, as intrin-  integration and scalability of these light sources with enhanced

sically governed by the umklapp scattering for high-momentum photon exaction efficiency in ST Appendix, Figs. S12 and S13.
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Fig.4. Forward and backward interfacial Cherenkov radiation excited by low-energy electrons from a photonic crystal with a finite thickness. (A) Angular spectral
energy density Ug(9, v) of the forward free-electron radiation. (B) Angular spectral energy density Ug(8, v) of the backward free-electron radiation. (C) Effective
forward interfacial Cherenkov radiation, under the condition that the electron velocity isv = v;, whose corresponding kinetic energy is £, ; = 66 eV. (D) Effective
backward interfacial Cherenkov radiation under the condition that the electron velocity isv = v,, whose corresponding kinetic energy is £, , = 77 eV. These two
electron velocities are chosen to demonstrate the possibility to create the forward or backward interfacial Cherenkov radiation from ultralow-energy electrons.
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Deviation of Interfacial Cherenkov Radiation. Within the classical elec-
tromagnetic wave theory, we follow and extend Ginzburg and Frank’s theory
of transition radiation from a single interface to a multilayered system with N
interfaces and N + Tregions, as schematically illustrated in S/ Appendix, Fig. S1.
The excited field distribution and angular spectral energy density are analyt-
ically derived in SI Appendix, section S1. To be specific, the field distribution
in real space can be derived by performing the plane-wave expansion, that is,

E@t)= | dwdhff efaii=iot |nk  and e spaces, the distribution of radi-
1w
ation field in region j is obtained as

i—q.a1 .e’szJ (Zid1) (/:1)
wey (2n )
P = i—q[af =ik (20 )+a ’kIJ(Z_dH)] 2<j<N)
kw2 wey(21)’ -
iq kst (2= ) i—
— .2 e+ N _N+’|)
\ we, Qn)’ " U

where a (a*) is the generalized factor for the backward (forward) radia-
tion in reg|on j, which contains the information of interference of tran-
sition radiation from multiple interfaces. Based on the knowledge of the
radiation field, the back;/vard angular spectral energy density is obtained as
372
Ug(0,v) = % and the forward angular spectral energy density is
32 120052 2
1,N+1q €05 9|aN+1|

— . Moreover, the numerical calculation
4r3eqcsin’o

obtained as U;(8,v) =

of excited fields of interfacial Cherenkov radiation can be obtained with the aid
of Sommerfeld integration.

More Discussion about Huygens Construction for Interfacial Cherenkov
Radiation. Huygens wavelets have the shape of the ray surface and can be con-
structed with the knowledge of the wave-vector surface. The connection between
the ray surface and the wave-vector surface is illustrated in S/ Appendix, Fig. S2.
Physical interpretation of the ray velocity and its connection with the group veloc-
ity are discussed in S/ Appendix, section S2.

Aperture of Group Cone for the Interfacial Cherenkov Radiation. The aperture
of group cone for the interfacial Cherenkov radiation is related to the group velocity

v, while the aperture of wave coneis related to the ray velocity u or the phase velocity
v, The detailed derivation is provided in S/ Appendix, section S3 and Fig. S3.

Correspondence between Radiation Angle and Electron Velocity. We pro-
vide the detailed derivation for Eqs. 1 and 2 in S/ Appendix, section S4.

More Discussion on the Interfacial Cherenkov Radiation. \We provide more dis-
cussion on the analyses of interfacial Cherenkov radiation in S/ Appendiix, section S5.
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